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Tangential/normal components of E and D

. Dln
Medium 1 X
E
Ein .--- " : b
\L“Elt [
Ej
E2n C
E> o

Faraday: V x E=0-> §.E - dl = 0 Gauss: 7-D =py > §.D-ds=Q



Tangential components of E and D
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Tangential components of E and D

Tangential and normal

Ey =Ey + En
components to the boundary

Ey, = Ey + Eyy

A

G = —22 (51—52) . Zl =0

To satisfy Faraday’s law (closed contour, conservative field):

Component of E, along I;must equal component of E,, along I, for all I,
tangential to the boundary

Eyp=Ey | [VIm]




Tangential components of E and D

Tangential component of the E field is continuous across boundary for any 2 media

51 = €1§1t + E151 Dyt = & F D E
"y O Px=efu
DZt = €2E2t (sinCe Elt = E2t )

D, = €E5 + €3E5,




Normal components of Eand D
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Apply Gauss’s Law: total outward flux through cylinder must equal total charge inside.
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fﬁ‘dg':Q VoD:pV
S
Let cylinder height Ah — 0 - only flux is from top/bottom surfaces.

Q = psAs  Surface charge density x surface differential

fﬁ-d§=} 51-ﬁ2d5+J D, - Ai;ds = pAs
S top bottom



Normal components of Eand D
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fi;and 71, are outward normal unit vectors from the surface

A

ﬁl = —Nn,

ny - (51 — 52) = Ps [C/m?]

Din—Dzn = ps [C/m?]

Normal components of D change by surface charge density

Ny - (1B — €,E3) = ps €1E15n — €2E5, = ps




Conservative property of E:

VxE=

Divergence of D:

—_

V-D=

Summary
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€1E1n — €2E2n = ps




Summary of Boundary Conditions

Table 4-3: Boundary conditions for the electric fields.

Field Component Any Two Media Dltif;::lg?z :‘] 2{;::;3:::021
Tangential E E|t = E Eit=Ex=0
Tangential D Dii/e1 =Dy /e Dii=Dy=0
Normal E e1E1n — & Ery = ps E1n = ps/el Ery =0
Normal D Dy — Dy = ps Dy = ps D>, =0

Notes: (1) ps is the surface charge density at the boundary; (2) normal components of
E|.D;. E>. and D> are along n,. the outward normal unit vector of medium 2.




Example: 2 dielectrics

£ X-y plane boundary
charge-free between 2
dielectrics, €; and €,

El = 5C\E1x + yEly + ZAE]_Z
in dielectric €,

» x-y plane
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Example: 2 dielectrics

4 x-y plane boundary
——————————————————————— charge-free between 2
oW CrmEe E, dielectrics, €; and €,
1z 4 :
6']l : 'y | —
(= 3 : .. ol El — 5C\E1x + j}Ely + ZAElz
X E;. = VPERC 1 in dielectric e,
E -
2/ 0,
E2;' &
. Find E,, 6,, 6,
E

Let Ez = XE3y + JE2y + ZE;, Normal to interface is Z, x-y are tangential
EZX — Elx and EZ_’)/ - Ely tangentlal

D,, = D;, 2 €,E,, = €;E;, normal (charge free)

N €
E, = REq, + 9Eqy, + Z“E—lElz
2




Example: 2 dielectrics

To obtain angles:

Eie = \/E1x2 + E1y2

Ey = \/Esz + E2y2

tanf; = — =
Elz Elz
R Ey
E
1z 91
tanf,
»Eq¢
tan6,
E
EZz ’
0,
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Dielectric — conductor boundary

n
Perfect conductor medium 2: _I\lle_dil_ml 1_: & I o
Ez = 52 — Medium 2: 0 = o
Ei;=Di;=0 / i from conductor

v

D, = e1E{ = 7ips | At conductor surface

E; E| El
. - Ps =1 E
Uniform E; 4 b
+ 4+ + |+ + + + + |+ + + o+ |+ 4 +
A ' 1B
' ' -
Conducting slab — E, 'E E;, 'E E;, 'E
' ' -
' ¥ B
— - —A- - - - —A- - - - k- ——=:
T r s
5 Ps

E; = —E; since field inside conductor must = 0
Net electric field inside a conductor is zero 13



Dielectric — conductor boundary

Metal in external field, EO

E points in = neg charge

E points out = pos charge

E always normal to conductor

14



Conductor — conductor boundary

General, not perfect dielectric or perfect conductor

| Jy
Medium 1 a
€1, 0]
J1¢ T
J’_‘—‘t
Medium 2 ]
&2, 07 s Jo

J2 = 03E),
Jon

E, =2
2n o,

15



Conductor — conductor boundary

General, not perfect dielectric or perfect conductor

; E1r = Ep¢
Y In ]
Medium 1 1 a ElEln — €2E2n = Ps
€1, 0] R
IAJ“ T Electric field = gives rise to J
Iy T — - =
Medium 2 : Ji=01E1 ], =0k,
&, 0> “2n J> ]
2n

Jin
E. =—-— E
1 2n
"oy )

i _Jee _ (Tm)__ (T _
o o, 1 o1 2 o, Ps
Jies J2¢ > current densities flowing in the 2 media parallel to boundary

If J1,, # Jo,~2 then we have varying p, at boundary and no longer electrostatics

. € (S
For electrostatics, /1, = I, Jin <—1 - —2> = Ps

01 o)) 16



Capacitance

Separate 2 conductors by dielectric - forms a capacitor

Conductor excess charge always at surface distributed to maintain E=0 (equipotential)
everywhere inside conductor
Capacitance = C = % [C/V or F]

V: potential / voltage difference between conductors

A f —
e+ [ E L always By, (E, = 0 for conductors)

+\ | +Q hl—
a', Conductor 1 \.’f\\p 5
. | + X e ~ =
EiSEi T E, =f-E="CS Insulator
=l Ve | | | €+ between
e \z \\ | ,j
T- \ |\ [ conductors
N\ / _ ¥ At conductor surface
N \\ _‘ — - =,

—* Conductor 2 g
=29

f— =%
/£ \
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Capacitance

Q=fp¢s=feﬁims=feﬁwﬁ
S S S

P, i
V:V12 =_j E.dz Pl'PZ anypOIntSOH
P, conductors 1 and 2
- Q s eE - ds
V. —[E-dl
S = +Q surface \
P,isonS Integration path from conductor 2 to 1

* Value of C is independent of E. It depends on geometry and materials
If dielectric is not perfect, can have some conductivity, resistance = R
v —[E-dl

R = 7 = fl_\ —

J oF - ds

For medium with uniform o, €: RC = €/o



Parallel plate capacitor

2 parallel plates, surface area A separated by d filled with dielectric, €.

z Conducting plate
A [l
' Fringing
Pe Y ) field lines
L
+ 2 =0 + +l+ + +|+]|+]+
V g ds e 1o Dielectric ¢
Py || S— E— 0
Ps Conducting plate
Ps = % upper plate E = —ZFE (assume uniform)

E‘Il:ﬁ'E=% ‘ Enz&z—

Ignore

fringing

fields
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Parallel plate capacitor

2 parallel plates, surface area A separated by d filled with dielectric, €.

z Conducting plate
/ gp

A
"\ Fringing Ig_nor_e
y ] fieldlines  fringing
L e fields
5
P Dielectric ¢
z=( E— 0
Ps Conducting plate
o, =<upperplate F = —z if ps _
s = = —2E (assume uniform) E,=—=—
e €A
dé . d Q
V=—jE-dl:—J (—2E) - 2dz = Ed E=—
0 0 €4
Q@ Q €A C is independent of E. It depends
¢= Vv Ed_ d on geometry and materials

20



Coax capacitance

No fringing fields

P

| e

Inner conductor

t tE T TE - Dielectric material ¢
+1+ + 15 +14+ + 1+ |
™~ Quter conductor

Given voltage, V

+Q accumulates on outer conductor  -Q accumulates on inner conductor

i i i i . r L : no__ -Q
Assume uniform charge distributions:  (outer) ps = p— (inner) p; = Py



Coax capacitance

) T R P No fringing fields
V= b = - - - - - - - - - - - Inner conductor
y) Diel 1 1al
———————————— 1electric material €
+T+ +T+ +Ll§ +T+ +T+ +T+
"~ Outer conductor
Cylindrical Gaussian surface: a<r<b jgﬁ .ds =Q fff ' dT§ =0
S S
E, 2mrl
E in # direction, points inward: E = —¢ <
2merl

Potential between outer and inner:

b b
V=—j§-di=—j (—F ¢ )-(fdr)=i1n<é>

2merl 2mel a

=77 Table2.1> ¢’ =< =
In (a) L

In(Z)



Parallel plate capacitor

The capacitor shown in the following figure consists of two parallel dielectric layers.

A

V, and V, are the electric potentials across the upper and lower dielectrics, respectively.

Obtain: expressions for E, and E, interms of ¢, , &, , V, and
the indicated dimensions of the capacitor.

23



Parallel plate capacitor

= 8
- V

If V1is the voltage across the top
layer and V2 across the bottom layer,

then:
V:V1+V2

Boundary conditions = the normal component of Dis
continuous across the boundary (in the absence of surface

charge).

24



Parallel plate capacitor

+
; it v
d, € ly E, Vi _V E. — -
- .=
d
| & 1
17 & E, Vi V,
_4_ - E2=d_2

Boundary conditions = the normal component of D is continuous

Electric fields inside of capacitor:
Din = Dyn 2 &E; = &,

&1E1
V = V]_ + Vz = E1d1 + Ezdz = E1d1 +g_d2
2

|4 V
Solve for E; and E5: E, = E, = =
d, +=2d,

- g
d, +=1d,
£
2 €1 25




Capacitor with Uniform Charge Density

Consider a plate placed at z = 0 in a nonmagnetic material with dielectric €. The
plate has a ground potential. A charge distribution p,, = p, is placed from z, to
Z, above the plate, as seen in the figure below

Z2

There are two regions to consider,0 < z < z;andz; <z < z,

Using Poisson’s Equation, below, obtain an expression for the voltage and E-

field in each region

yiy = P2
€

26



Capacitor with Uniform Charge Density

First, write Poisson’s Equation as the Laplacian of the scalar function V
0%V 9%V 0%V

V2V =v-(VV) =
v V) 6x2+6y2+6zz

Clearly for this geometry V is exclusively a function of z, therefore

02V a2V
dx2  dy?
1’V py

0z2 €

27



Capacitor with Uniform Charge Density

There is no charge distribution in our first region, 0 < z < z;
so Poisson’s equation simplifies to Laplace’s

%V

d0z2

Thus, the solution is of the form
V0<z<z)=Az+B
Applying the known boundary conditionthat V(z=0)=0—->B =0
V(0<z<2z)=Az
Where A is a currently unknown constant

28



Capacitor with Uniform Charge Density

For our second region, z; < z < z,

2
OV _ Py
0z? €

S
B

Z1
Z2=0
Thus, the solution is of the form
V(zy <z<2zy) =Bz>+Cz+D
We can solve for one of our unknowns using our Poisson’s Equation
0V(z; <z <2z)
=2Bz+C
, 0z
<
d V(Zl<Z_ZZ)=ZB=—&—>B=—&
0z2 € 2€

V(zl<zSzz)=—%zz+Cz+D

29



Capacitor with Uniform Charge Density

We have

V(0<z<z) =Az

V(Zl<ZSZZ)=—%Zz+CZ+D

From here we use the relation E = —VV — E(z) = — %

0z
E(0<z<z)=-A

E(Zl<ZSZZ)=p—€vZ—C

30



Capacitor with Uniform Charge Density

We have

E(0<z<z)=-A

Z2

Z1

J_ Z=0

We know that V (z) at the interfaces between regions and because € is
continuous we know the E'(z) is also continuous at these interfaces.

We also know that the E'(z) goes to 0 outside the plates (z > z,) as the opposite
charge is accumulated on the ground plate relative to the opposing charge
distribution (E(z > z,) = 0)

31



Capacitor with Uniform Charge Density

Applying all boundary conditions

Azl=—%zlz+Czl+D
_A=&Zl_c
pe
0=—z,—C
e 2

_:_ Z2

Z1
Z=0

With three unknowns (A, C, and D) and three equations, the rest is linear algebra

32



Capacitor with Uniform Charge Density

Applying all boundary conditions

C =%ZZ
A—p_: 2_,0_: 1:&(22_21)
D = ';)—Z_le +(A-0C)z, = ';)—Z_le + (p?vzz —'D—Evzl —%22)21 = ';)—z_zlz _,0_: z
Plugging these values in to our equations for V(z) and E(z)
Vi0<z<2z) = '0—:(22 — 71)Z
V(z1<z<2z)= —5—222 +%ZZZ —&212 = —p—;(z2 — 72,7 + z})

p p
E(0<z<2z)= —?v(zz — ) =?U(Z1 — Z3)

E(zy, <z <12z) =p—:z—p—:zz =p—:(z—zz)



Electrostatic Potential Energy

Electrostatic potential energy density (Joules/volume)

We 1
We = 7‘“‘ = cEZ  (J/md).

Energy stored in a capacitor

We=3CV* ().

Total electrostatic energy stored in a volume

1
Wezzngz dv (J)
V



Capacitive
Sensors

Fluid ——

Tank ——

To capacitive bridge circuit

i

(a) Fluid tank

Q)

Co (empty tank)

C Vout

(b) Bridge circuit with 150 kHz ac source



Humidity Sensor

Silicon substrate Electrodes

\ i}



Pressure Sensor

Fluid

Conducting
plate

Flexible
metallic
membrane

Conducting
plate

(a) Pressure sensor

Plate I | | T
di o
Membrane e n °) QI — Bridge circuit
Plate I 3 3 L
P=P Cl (&)
(b) €=
Plate S | |
Membrane d) l,P 2 2 C . .
Ea — Bridge circuit
C
Plate ——— 3 3 [ ;
P=Ps Ci <G
() C1<C;



VALLEY

Fingerprint
Imager

cr Si oxide

$c J_ {>c j_vo sensor cell
= I cl I Cout

2 metal plates




Current density
Poisson’s equation

Laplace’s equation

Resistance

Boundary conditions

Capacitance

RC relation

Energy density

Maxwell’s Equations for Electrostatics

Name

Gauss’s law

Kirchhoft’s law

Differential Form

V:-D=p,
S
VxE=0
C

Integral Form

%D-ds:Q
%E-dlzo

Point charge

Many point charges

Volume distribution

Surface distribution

Line distribution

Infinite sheet of charge

Infinite line of charge

Dipole

Relation to V

Electric Field
~ q
E=R—
4mreR?
N
I qi (R —R;)
E =
dre ; IR — R;|?
| ~r pydV’
E=—— | R —
dre R"?
1{!!
1 ~F ps dS
E=—
dmre R
S.‘
E _ l Al pf dl
dre R
iﬂ'
E=z 0
£p
D D
E=_—_—=¢ L —¢ P
£n 0 2.71'801‘
d n -
= 4::;? (R2cosf +0sind)
E=-VV
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